Granular assemblies, a sandstone, a soil, a sand dune, are accorded special attention when they mobilize, e.g., the Big Sur mudslide, 1 Loma Prieta earthquake, 2 and singing sands. 3 For these systems, many of the properties so revealed are conferred not by the units being assembled but by the bond system that gives the assembly structure. Laboratory samples of granular assemblies often carry properties not found in conventional materials. A Berea sandstone and in fact nearly all rocks have hysteresis and end point memory in their quasi-static response; 4 they have response to steady state drive that is a non-analytical function of the drive amplitude. 5, 6 These behaviors are well studied 7 and have been known about since at least the early 1900s. 8 Less well studied are the "slow dynamics" of the transient responses of granular assemblies.
Earlier studies have reported a time-logarithmic relaxation back toward the unperturbed elastic modulus after the perturbation. The observed behavior is independent of the test material or method used: resonance frequency, 6 Larsen frequency, 9 or change of velocity. 10 Consequently, the handful of phenomenological models developed to describe this behavior predict a log(t) recovery. 6, 11 One study 9 has presented evidence of faster than log(t) relaxation in cement paste and sandstone at early times (t $ 10 À3 s). The model proposed in Ref. 12 describes a multi-scale relaxation phenomenon that takes place on different temporal and spatial scales. The one proposed in Ref. 13 is based on the existence of metastable contacts and predicts a non-logarithmic behavior at early times. Such descriptions are common to a variety of disordered mechanical systems. 14, 15 Pump-probe experimental methods, in particular dynamic acousto-elastic testing (DAET), perfected over the last decade, [16] [17] [18] [19] allow us to look at the transient behavior of granular assemblies with unprecedented detail. In this paper, we report the results of a pump-probe investigation of weakly consolidated granular assemblies that span 8 orders of magnitude in time, as opposed to one or two decades in earlier studies. 6, 9, 10 We employ DAET to investigate the return to equilibrium of the elastic properties of rock and mortar samples that have been placed in a carefully established/controlled non-equilibrium steady state. The influences of the thermodynamic environment in which the samples are maintained and the strength of the drive, which establishes the steady state, are investigated. We present our findings in terms of a spectrum of relaxation rates that can serve as the signature of a sample.
The experimental system we employ, shown schematically in Fig. 1 (left panel) , is a pump-probe system. Each sample, a cylindrical specimen (L ¼ 15-17 cm; / ¼ 2.54 cm), is driven in the fundamental compressional mode by a piezoelectric ceramic disk S 1 that is glued to the sample bottom and to a heavy backload. A miniature accelerometer R 1 , glued to the sample top, monitors the dynamic strain field created by S 1 , i.e., the pump strain field P ( P $ 4 Â 10
À6
and f P $ 4.5 kHz in Fig. 1 ). The send-receive probe system, an ultrasonic transducer pair S 2 -R 2 , is positioned 2 cm above the pump source S 1 . The sender S 2 (1 MHz-center frequency) broadcasts low-strain (<10 À7 ) pulses that cross the sample to R 2 every DT ¼ 0:1 ms 10 À4 s ð Þ throughout the experiment. The basic measurements, of the experience of the probe pulse in crossing the sample, are of the timing of the arrival of the probe pulse at R 2 . These measurements, requiring high precision, make it necessary to have environmental control. As a consequence, the experimental system resides in an environmental chamber that allowed temperature control [e.g., T ( C) ¼ 23.0 6 0.2] and moisture control [e.g., relative humidity RH (%) ¼ 50.0 6 0.2].
The protocol for making measurements on a sample comprises the following: (1) placing the sample in the environmental chamber for at least 12 h before testing (pump off and probe off); (2) initiating probe broadcasts at t ¼ 0; (3) turning on the pump at t ¼ 0:1 s (the pump ring-up/ringdown time is $0:02 s); (4) keeping the pump on for about 1 s after which it is turned off, t ¼ 1:1 s; and (5) the probe, turned on at t ¼ 0, is on continuously out to 30 min following the time when the pump is turned off.
The basic measurements, the timing of the arrival of the probe pulse at R 2 , involve finding the shift in arrival time using cross-correlation methods. These shifts in time are put in the form of a relative shift in sound speed DcðtÞ=c 0 ¼ c ð t ð Þ À c 0 Þ=c 0 , where c 0 is the sound speed before the pump is turned on and cðtÞ is the sound speed at time t. The behavior of the pump strain over the experimental protocol is shown in Fig.  1(a) , and the attending behavior of the shift in sound speed is shown in Fig. 1(b) . The evolution of the sound speed occurs in the six time domains marked on the figures: (1) pre-pump, (2) ring up of pump strain, (3) ring up to the steady driven elastic state (non-equilibrium steady state), (4) non-equilibrium steady state, (5) ring down of pump strain, and (6) recovery from the non-equilibrium steady state. There is a partial overlap between domains 2 and 3 as well as domains 5 and 6. The slow dynamics is seen in the recovery of the sound speed in time domain 6, following the ring down of the pump strain. The careful study of the behavior of the samples in the non-equilibrium steady state, domain 4, shows that the non-equilibrium steady state possesses anomalous elastic properties. Here, we focus on time domain 6, t 0 < t < t max , to examine the slow dynamics of the recovery of the system from the non-equilibrium steady state, with t 0 corresponding to the end of the ring-down of the pump strain (t 0 ¼ 1:12s in Fig. 1 ).
In Fig. 2(a) , we show the behavior of DcðtÞ=c 0 as a function of time measured from t 0 . The time axis is logarithmic in order to draw attention to the many timescales involved in the recovery from the non-equilibrium steady state. To quantify the description of this recovery, we introduce the concept of a relaxation time spectrum. The scheme to find the relaxation time spectrum is illustrated in Fig. 2 .
We assume the recovery of DcðtÞ=c 0 to be able to be represented as a sum of discrete exponential decays each having an amplitude A n and time constant s n , i.e.,
A n e Àt sn ; A n ! 0;
where t is measured from t 0 and the time constants s n , which span N decades, DT s DT Â 10 N , are assigned a priori. The amplitudes A n are determined by minimizing the least squares objective function
We choose s n such that there are m logarithmically spaced time constants in each decade
What results from this procedure is the set of amplitudes A 0 , A 1 , …, A n , the spectrum of values of A [see Figs. 2(a) and 2(b)]. We find that m ¼ 1 (one exponential per decade) provides an optimal fit. Smoother spectra could likely be obtained by choosing m > 1, but this would require some forms of regularization to prevent overfitting. The spectrum of values of A [ Fig. 2(c) ] is termed the relaxation time spectrum and is taken as the signature of the slow dynamics recovery process. A recovery process that goes as log t ð Þ implies a relaxation time spectrum that is featureless; no characteristic time or rate can be extracted, and the relaxation spectrum is flat   FIG. 2 . The scheme to find the relaxation time spectrum from the sound velocity evolution in domain 6: (a) the data are sampled and fit by a sum of exponential decays with the amplitude to be determined; (b) a set of 7 exponential decay terms; (c) the amplitude of the 7 exponential decays in (b). The fit f is shown in (a). ðA 0 $ A 1 $ … $). Earlier studies 6 that typically found log t ð Þ behavior for the recovery process were based on measuring the evolution of a resonance frequency. Such studies, necessarily limited by the time to sweep over a resonance, typically involve t > 10s. Using DAET, we are able to look deep inside 10s, at 5 orders of magnitude of time down to t ¼ 10 À4 s. Thus, we are able to determine the relaxation time spectrum that characterizes the recovery process over 8 orders of magnitude, from DT ¼ 10 À4 s out to 10 4 s. We have made measurements on a variety of samples in a variety of circumstances. 19 We begin with measurements on a sample of Berea sandstone at T ¼ 23.0 6 0.2 C and RH ¼ 50.0 6 0.2%. In Fig. 3(a) , we show DcðtÞ=c 0 for 10 À4 s < t < 10 4 s and seven different pump strain amplitudes. The relaxation time spectra found from these data, shown in Fig. 3(b) , are essentially independent of the pump strain amplitude. A prominent relaxation time near s ¼ 10 À1 s, independent of the pump strain amplitude, is apparent. At late times, t > 10 1 s, the relaxation time spectra are approximately flat, suggesting near log t ð Þ recovery at long time, consistent with previous studies. 6 For this sample keeping the temperature constant at T ¼ 23.0 6 0.2 C, we vary the moisture content (RH ¼ 30%, 50%, 70%, and 90%). The normalized relaxation time spectra associated with the different RH are shown in Fig. 3(c) . Although a change in RH affects the absolute spectral amplitudes (not shown), the essential structure of the relaxation time spectra remains largely unaffected. That is, the presence of different fluid configurations in the pore space does not importantly change the shape of the relaxation time spectrum.
In addition to Berea sandstone, we have conducted measurements on several consolidated porous material systems: Berea sandstone (a sedimentary rock), Grunnes soapstone (a metamorphic rock), Berkeley Blue Granite (a crystalline rock), and a stress-damaged mortar (the hardened mixture of sand and cement paste). 19 At T ¼ 23.0 6 0.2 C and RH ¼ 50.0 6 0.2%, the recovery of Dc/c 0 over time and the associated relaxation time spectra are shown in Fig. 4 .
Berea sandstone and Berkeley Blue granite have qualitatively similar relaxation time spectra in which the timescale 10 À1 s is notable. In contrast, the relaxation time spectra of Grunnes soapstone and damaged mortar are relatively featureless from 10 À2 s to 10 4 s. One of the long-term goals of this work is to relate the shape of the relaxation spectra to microstructural features to unravel the underlying physical mechanisms. In future work, we will test various hypotheses on a larger series of samples, including the influence of the grain size, grain size distribution, porosity, and composition. Many weakly consolidated granular materials and related systems have unusual elastic properties. Earlier evidence of these was (a) mechanical hysteresis with end point memory 4 and (b) unexpected nonlinear response of a resonant bar. 6 With the introduction of pump-probe experimental methods, the picture of the elastic response of these systems has become refined. In the non-equilibrium steady state (domain 4 in Fig.  1) , the nonlinear elastic properties, captured by the nonlinear elastic constants or hysteretic behavior, change quantitatively and qualitatively. While the b coefficient, the traditional measure of cubic nonlinearity, is found to be independent of the amplitude and the frequency of the pump strain field, 19, 20 the other nonlinear components (related to the averaged softening and hysteresis) do depend on both. The pump strain field brings about a profound change in the elastic properties of the system. Here, we report the use of pump-probe methods to measure/characterize the recovery of these systems from the anomalous state established by the pump strain field, i.e., the non-equilibrium steady state. Fluid configurations in a porous media system are able to exert forces that are equivalent to an applied stress of tens of MPa. 7, 21 We find that the forces brought to bear by fluid configurations pretty much leave the non-equilibrium steady state unchanged. Similarly, changes in the amplitude of the pump strain field bring about changes in the amplitude of the non-equilibrium steady state but not changes in its character; it decays in much the same way but from the larger amplitude. The decay of the changes produced by the pump strain field occurs over many orders of magnitude in time. Almost 75% of the changes leave the system on the timescale of the ring-down of the driving field. Approximately 20% occurs on the timescale that we are able to examine, from 10 À2 s to 10 4 s, and the remainder, in the noise in Fig. 2(a) , can be assigned to log t ð Þ. The pump strain field causes robust changes in the elastic state of the system, which do not leave the system immediately on their cause being removed.
Evidence for similar behavior is found in many systems across many scales for example in granular media, 22 damaged consolidated granular media, 23 and concrete. 24 A sudden drop and partial or full recovery of seismic velocities following a strong ground motion event are widespread phenomena at the field scale. [25] [26] [27] [28] Other examples include the co-seismic decrease and subsequent relaxation of the fundamental resonance frequencies of intact buildings. 29 Permeability was also observed to relax after modifications in the effective stress field caused by pore pressure oscillations aimed at, e.g., dynamic permeability enhancement vital for energy recovery applications. 30 The pump strain field is the carefully controlled laboratory realization of the transient, incoherent, elastic noise fields in which many granular media systems are awash, e.g., a formation adjacent to a borehole, a bridge pier, and a segment of a fault system. From pump-probe measures of the modified elastic state and of the persistence of that elastic state over time, we learn that these systems are not simply passively moving toward a critical state. They are continually driven dynamically, having a stochastic component to their character that makes deterministic characterization difficult. 
